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Let X be a compact Hausdorff space, Y be a connected topological manifold, f : X → Y
be a map between closed manifolds and a ∈ Y . The vanishing of the Nielsen root number
N( f ;a) implies that f is homotopic to a root free map h, i.e., h ∼ f and h−1(a) = ∅. In this
paper, we prove an equivariant analog of this result for G-maps between G-spaces where
G is a ﬁnite group.
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1. Introduction
Heinz Hopf [8] generalized the notion of degree of a map between manifolds that are not necessarily orientable. He also
developed a Nielsen theory for roots. In particular, Hopf deﬁned a Nielsen root number N( f ;a) of a map f : X → Y between
closed connected n-manifolds, a ∈ Y , such that N( f ;a) = 0 if the degree of f is zero. Furthermore, for n = 2, N( f ;a) = 0
implies that f is homotopic to a map h with h−1(a) = ∅. This result was later rediscovered and generalized by R. Brooks
(see [2]). More recently, it has been generalized in [6] where Y is assumed to be a topological manifold and X is a compact
connected Hausdorff space. The Nielsen root number N( f ;a) employed here is the geometric one without using any root
index.
On the other hand, Nielsen ﬁxed point theory has been generalized to the equivariant setting (see for example [11]).
A Wecken type theorem has been proved [3] to ensure the existence of a ﬁxed point free map within the equivariant homo-
topy class. Furthermore, P. Fagundes [4] and J. Guo and P. Heath [7] generalized the equivariant Nielsen ﬁxed point theory
to the coincidence setting for two G-maps f1, f2 : X → Y between compact G-manifolds. However, the assumptions in [7]
on X and Y are too restrictive in that XG is assumed to be non-empty and dim XH = dim Y H for all H  G . Their approach
in [7] requires these assumptions even when the map f2 is the constant map at a point a ∈ Y G , as in the root case. Another
equivariant Nielsen root theory has been developed in [14] and in [12] as a result of studying the ﬁxed point situation of
selfmaps on homogeneous spaces of compact Lie groups. In [10], it has been shown that the (self)coincidence problem of
maps into coset spaces of compact Lie groups, where the domain and target manifolds may be of different dimensions, can
be transformed into an equivariant root problem. The objective of this paper is to develop a similar equivariant Nielsen
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is to give an equivariant analog of the approach of Brooks [2] using lifts and is therefore different from the universal cover
approach of [14] or [12].
This paper is organized as follows. In Section 2, we review the Hopf lift approach of Brooks and the classical Nielsen
root theory. In Section 3, we deﬁne the equivariant Nielsen root number, introduce equivariant Hopf lifts, and prove an
equivariant analog of a result of Brooks [2]. In Section 4, we give suﬃcient conditions for deforming a G-map to be root
free.
2. Nielsen root theory
In this section, we review some basic facts about the classical Nielsen root theory. For details, we refer the reader to [2].
Let f : X → Y be a map of topological spaces and let a ∈ Y . Two roots x0, x1 ∈ f −1(a) of f at a are Nielsen equivalent,
denoted by x0 ∼ x1, if there exists a path c : I → X from x0 to x1 such that the loop f ◦ c is ﬁxed endpoint homotopic to
the constant path a¯ at a. The equivalence classes are called Nielsen root classes of f at a. If X is compact, then there are only
a ﬁnite number of root classes and every root class is compact.
Now suppose { ft : X → Y } is a homotopy of f . We say that a root x0 of f at a is { ft}-related to a root x1 of f1 at a,
denoted by x0{ ft}x1, if there is a path c in X from x0 to x1 such that { ft ◦ c(t)} ∼ a¯ rel{0,1}. Note that x0 ∼ x1 if and only
if x0 is { ft}-related to x1 by the constant homotopy at f . If one root in a root class α of f is { ft}-related to a root in another
root class α1 of f1, then every root in α is { ft}-related to every root in α1. Consequently, the { ft}-relation from the roots
of f to those of f1 induces a one-to-one correspondence between the root classes of f and the root classes of f1. A root
class α of f is essential if for any given homotopy { ft} of f , there exists a root x1 of f1 and a path c : I → X with c(0) ∈ α,
c(1) = x1 such that { ft ◦ c(t)} ∼ a¯ rel{0,1}, i.e., α is related to some root of f1. In other words, a root class is inessential if it
disappears under some homotopy of f . The number of essential root classes of f is called the Nielsen root number of f at a
and it will be denoted by N( f ;a). When Y is a connected manifold, the Nielsen root number N( f ;a) is independent of the
point a ∈ Y , that is, N( f ;a) = N( f ;b) for all a,b ∈ Y . Moreover, the Nielsen root number N( f ,a) is a homotopy invariant of
f . Note that N( f ;a)MR[ f ;a], where MR[ f ,a] =min{#h−1(a) | h ∼ f } and 0 N( f ;a) < ∞.
There is another interpretation of Nielsen classes and { ft}-relation using covering spaces as follows. The map f induces
a homomorphism f# : π1(X) → π1(Y ) on fundamental groups. There exists a covering η : Yˆ → Y such that η#π1(Yˆ ) =
f#π1(X), so we can lift f through η to fˆ : X → Yˆ , that is, f = η ◦ fˆ . We call fˆ a Hopf lifting of f , and η a Hopf covering
for f .
The following theorem is due to R. Brooks [2].
Theorem 2.1. Suppose f : X → Y is a map and a ∈ Y . Let η : Yˆ → Y be a Hopf covering for f and fˆ : X → Yˆ a Hopf lifting of f
through η. Suppose { ft : X → Y } is a homotopy from f0 = f . Let { fˆt : X → Yˆ } be a lifting of { ft} through η. Then
(1) two roots x0 , x1 ∈ f −1(a) are Nielsen equivalent if, and only if, fˆ (x0) = fˆ (x1);
(2) a root x0 ∈ f −1(a) is { ft}-related to a root x1 ∈ f1−1(a) if, and only if, fˆ (x0) = fˆ1(x1).
Consequently, the Nielsen root classes are those non-empty sets of the form fˆ −1( yˆ) where yˆ ∈ ηˆ−1(a). Besides, for any
yˆ ∈ ηˆ−1(a), fˆ −1( yˆ) is an essential root class if and only if fˆ −11 ( yˆ) = ∅ for any homotopy { fˆt} beginning at fˆ .
The elements of π1(Y , f (x))/ f#π1(X, x) are called the Reidemeister classes of f (at x), the number of these elements is
called the Reidemeister number of f and it is denoted by R( f ; f (x)). The set π1(Y , f (x))/ f#π1(X, x) depends on the choice
of the base point x ∈ X ; however, its cardinality R( f ; f (x)) does not. Let R( f ;a) := [π1(Y ) : f#π1(X)] = #η−1(a), where η
is a Hopf covering for f . This is well-deﬁned since the covering η is unique up to covering isomorphism. It follows from
Theorem 2.1 that there is a one-to-one correspondence between the set of Nielsen root classes and a subset of the ﬁber
η−1(a). Thus, N( f ;a) R( f ;a).
Now, consider a root class (or an isolated set of roots) α of f at a. The root index of α with respect to f is the
homomorphism ω( f ,α) = f∗ ◦ e−1∗ ◦ i∗ : H∗(X) → H∗(Y , Y − a) induced by
X
i
↪→ (X, X − α) e←↩ (N,N − α) f→ (Y , Y − a)
where N is a closed neighborhood of α containing no other roots of f at a, e∗ is an excision and H∗ denotes the graded
singular integral homology group
⊕
k=0 Hk .
The following result is due to H. Hopf [8] and to R. Brooks [2].
Theorem 2.2. Let X and Y be compact connected manifolds (not necessarily of the same dimension) with Y orientable and let a ∈ Y .
For any root classes α, β of f , ω( f ,α) = ω( f , β). Furthermore, if f has an essential root class, then all root classes are essential and
N( f ;a) = R( f ;a).
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essential root class with index zero. In fact, since S2 is simply connected, all roots of p are in the same root class α, whose
index ω(p,α) is the trivial homomorphism.
3. Equivariant Nielsen root number
Throughout this section, X and Y will be locally smooth G-spaces [1] where G is a compact Lie group. Let f : X → Y be
a G-map, a ∈ Y G = {y ∈ Y | gy = y, ∀g ∈ G} = ∅ and suppose f −1(a) = ∅.
If x0 is a root of the G-map f at a ∈ Y G = ∅ then all the elements of the orbit of x0, G(x0), are also roots of f . In fact,
f (gx0) = g f (x0) = ga = a, for any g ∈ G . We say that two roots x0 and x1 of f at a are G-Nielsen equivalent if
(i) x0 = gx1, for some g ∈ G or
(ii) there exists a path c in X from x0 to gx1, for some g ∈ G such that f ◦ c ∼ a¯ rel{0,1}, where a¯ is the constant path at a.
It is easy to see that the G-Nielsen relation deﬁned above is an equivalence relation, and it will be denoted by x0 ∼G x1.
These equivalence classes in f −1(a) are called G-Nielsen root classes of f at a, for short, G-root classes of f .
It follows that if α is an ordinary root class of f (forgetting the G-equivariance) then there exists a unique G-root
class R such that α ⊂ R. If X is compact, then the number of ordinary root class of f is ﬁnite and thus there are only a
ﬁnite number of G-root classes. Therefore f −1(a) is partitioned into G-root classes R1, . . . , Rm each of which is a disjoint
union of ordinary root classes. On the other hand, for each j, 1 j m, R j is a disjoint union of G-orbits of roots.
Suppose that { ft : X → Y } is a G-homotopy of f0. A root x0 of f (at a) is { ft}G-related to a root x1 of f1 (at a),
denoted by x0{ ft}Gx1, if there is a path c in X from x0 to gx1, for some g ∈ G such that { ft ◦ c(t)} ∼ a¯ rel{0,1}. Therefore, if
x0{ ft}Gx1 then x0{ ft}gx1, for some g ∈ G . Similar to the non-equivariant case, the { ft}G -relation above induces a one-to-one
correspondence between the G-root classes of f = f0 and f1. This fact is stated as follows and the proof is straightforward.
Lemma 3.1. Let { ft : X → Y } be a G-homotopy of f , a ∈ Y G = ∅, x0 ∈ f −1(a), x1 ∈ f1−1(a), and ﬁnally, let x0{ ft}Gx1 . Let R0 and
R1 be the G-root classes of f and f1 , respectively, such that xi ∈ Ri , i = 0,1. Then x′0 ∈ R0 ⇔ x′0{ ft}Gx1 and x′1 ∈ R1 ⇔ x0{ ft}Gx′1 .
In other words, the relation x0{ ft}Gx1 induces a correspondence from R0 to R1 under { ft}, which is denoted by
R0{ ft}GR1.
Deﬁnition 3.2. A G-Nielsen root class of f is essential if given any G-homotopy { ft : X → Y } from f it is { ft}G -related to a
G-Nielsen root class of f1. Otherwise, it is called inessential. The G-Nielsen root number of f at a is deﬁned as the number
of essential G-root classes; it is denoted by NG( f ;a). If X is a compact space, then 0 NG( f ;a) < ∞.
Remark 3.1. Note that #{G-Nielsen root classes} #{Nielsen root classes}. Nevertheless, the inequality does not hold if we
consider essential root classes and essential G-root classes, as we can see in the next example.
Example 3.3. ([13, Example 7.1, p. 41]) Consider S2 = S3/S1 as a coset space and let [e] ∈ S2 be the coset of the identity
element e ∈ S3. Suppose h = id : S2 → S2 is the identity map and f : S3 → S2 the map given by f (z) = z−1h(zS1) =
eS1 = [e], i.e., f is the constant map at [e]. Consider the free S1-action k · z = zk−1 on S3 and the (nonfree) S1-action
on S2 given by k ∗ zS1 = (kz)S1. Then f has one root class, namely S3, which is inessential as an ordinary root class, so
N( f ; [e]) = 0. Note that f is a S1-map. By Lemma 1.2 of [14], we obtain ωS1 ( f , S3) = L(h), where ωS1 ( f , S3) denotes the
integer-valued equivariant root index of the S1-root class S3 with respect to f , which is deﬁned in [14] for maps from
compact connected Lie group to homogeneous spaces, and L(h) denotes the Lefschetz number of h. Since L(h) = 0 then the
S1-root class S3 is essential, so NS1 ( f ; [e]) = 1.
Example 3.4. Let the projective plane RP2 be S2 with antipodal points identiﬁed and let f : S2 → RP2 be the identiﬁcation.
Let n = (0,0,1), s = (0,0,−1) ∈ S2 denote the north and the south poles and a = {n, s} = f ({n, s}) ∈ RP2. Then f has two
roots, n and s at a. Let c be any path in S2 from n to s, then f ◦ c is a loop at a, whose ﬁxed endpoint homotopy class
generates the fundamental group π1(RP2,a) ∼= Z2, so n and s must not be Nielsen equivalent. Thus f has exactly two
Nielsen classes, namely {n} and {s}. Let N be a closed neighborhood of n contained in the open northern hemisphere of S2
so that the restriction f ′ : (N,N − n) → ( f (N), f (N) − a) is a homeomorphism. Consider the maps
S2
i
↪→ (S2, S2 − n) e←↩ (N,N − n) f
′
→ ( f (N), f (N) − a) e
′
↪→ (RP2,RP2 − a)
where e, e′ are inclusions which both induce homology isomorphisms. The inclusion i induces an isomorphism in di-
mension 2. Then the homomorphism root index ω( f , {n}) = e′2 ◦ f ′2 ◦ e−12 ◦ i2 : H2(S2) → H2(RP2,RP2 − a) is a group
isomorphism, so it is non-trivial. Thus the ordinary root class {n} is essential. Similarly {s} is essential. Hence N( f ;a) = 2.
Now deﬁne the antipodal action of Z2 on S2 and the trivial action of Z2 on RP2, so f is a Z2-map. Note that the ﬁxed
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class R = {n} ∪ {s}. Since each ordinary root class is essential, R is essential. Therefore NZ2 ( f ;a) = 1.
The following lemma shows that if f and f ′ are G-homotopic, then NG( f ;a) = NG( f ′;a).
Lemma 3.5. The G-Nielsen root number NG( f ;a) is a G-homotopy invariant.
Proof. Let { ft : X → Y } be a G-homotopy of f and let R be a G-essential root class of f at a. Then there is a G-root class
R1 of f1 at a such that R{ ft}GR1. By Lemma 2.2.2, R1 is unique. We still need to prove that R1 is also essential, i.e., that
if {ht} is a G-homotopy with f1 as the starting point, there exists a G-root class R2 of h1 such that R1{ht}GR2. Now we
are going to determine R2 as follows. Since R is essential, there exists a G-root class R2 of h1 such that R({ ft}{ht})GR2;
then since R1{ ft−1}GR, it follows that R1( ft−1{ ft}{ht})GR2, thus R1{ht}GR2. 
Remark 3.2. Notice that NG( f ;a)MRG [ f ;a] = min{#k−1(a) | k ∈ [ f ]G}, where k is taken among all G-maps G-homotopic
to f . When G = {e}, NG( f ;a) reduces to the ordinary Nielsen root number N( f ;a).
Next we introduce G-lifts action which will be used to prove an equivariant version of Theorem 2.1. Let η : Yˆ → Y be
a covering corresponding to the subgroup f#π1(X, x0) in π1(Y ,a). Let fˆ : X → Yˆ be a lift of f through η, that is, f = η fˆ .
Denote by D(η) = {δ ∈ Homeo(Yˆ ) | ηδ = η} the group of deck transformations of η. Deﬁne ΓG(Yˆ ) := {γˆ ∈ Homeo(Yˆ ) | η gˆ =
gη, for some g ∈ G}, where g can be regarded as a homeomorphism of Y (induced by the G-action on Y ). Now we have a
short exact sequence
1→ D(η) i↪→ ΓG(Yˆ ) p→ G → 1 (3.1)
where i is the inclusion and p(gˆ) = g is the projection.
The map f induces a group homomorphism ϕ : G → ΓG(Yˆ ) as follows. Pick a point x0 ∈ X , and let fˆ (x0) ∈ Yˆ . There
is a unique lift ϕ(g) of g such that ϕ(g) fˆ (x0) = fˆ (gx0). Now fˆ g , ϕ(g) fˆ : X → Yˆ are both liftings of the same map
f g = g f : X → Y , and they agree at x0. By the unique lifting property of covering spaces, we have fˆ g = ϕ(g) fˆ .
Y
g 
η
Y
η
Yˆ

ϕ(g) Yˆ

X 
g

f
1X
X

f
1X
X

g

fˆ
X


fˆ
(3.2)
The map ϕ deﬁned above depends on f , η, and fˆ .
Lemma 3.6. The map ϕ : G → ΓG(Yˆ ) is a group homomorphism.
Proof. ϕ(g1g2) fˆ = fˆ (g1g2) = ( fˆ g1)g2 = (ϕ(g1) fˆ )g2 = ϕ(g1)( fˆ g2) = ϕ(g1)ϕ(g2) fˆ , for all g1, g2 ∈ G . Since ϕ(g1g2) and
ϕ(g1)ϕ(g2) are both liftings of g1g2, we have ϕ(g1g2) = ϕ(g1)ϕ(g2). 
We remark that pϕ(g) = g , for all g ∈ G so the sequence (3.1) splits. Hence ϕ is an injective map and ΓG(Yˆ ) ∼= D(η)G ,
i.e., ΓG(Yˆ ) is the semi-direct product of D(η) and G . For all g ∈ G and yˆ ∈ Yˆ , we deﬁne a G-action on Yˆ by
G × Yˆ −→ Yˆ ,
(g, yˆ) −→ g · yˆ = ϕ(g)( yˆ).
Lemma 3.7. The maps fˆ : X → Yˆ and η : Yˆ → Y are equivariant maps.
Proof. For all g ∈ G , x ∈ X and yˆ ∈ Yˆ , we have fˆ (gx) = ϕ(g) fˆ (x) = g · fˆ (x) and η(g · yˆ) = η(ϕ(g) yˆ) = gη( yˆ). 
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Proof. First of all, ﬁx the G-action on Yˆ given by ϕ (induced by f , η and fˆ ). Let fˆ ′ : X → Yˆ be a lifting of f ′ through
η : Yˆ → Y . Since η is a G-ﬁbration, the liftings fˆ ′ and fˆ of f ′ and f , respectively, are G-homotopic maps.
We should point out that f ′ also induces a group homomorphism ϕ′ : G → ΓG(Yˆ ) such that for each g ∈ G , ϕ′(g) is the
unique element in ΓG(Yˆ ) with the property fˆ ′g = ϕ′(g) fˆ ′ as liftings of f ′g = g f ′ through η. Deﬁne another G-action on Yˆ
by g ∗ yˆ := ϕ′(g) yˆ, for all g ∈ G and yˆ ∈ Yˆ . Furthermore, by Lemma 3.7, f ′ and η are G-maps with respect to this new
action ∗ on Yˆ .
From the discussion above, the map f ′ is G-equivariant with respect to both G-actions · and ∗ given by ϕ and ϕ′ ,
respectively, on Yˆ . Therefore g ∗ fˆ ′(x) = ϕ′(g) fˆ ′(x) = fˆ ′(gx) = g · fˆ ′(x) = ϕ(g) fˆ ′(x), for all g ∈ G , x ∈ X . Hence ϕ′(g) fˆ ′(x) =
ϕ(g) fˆ ′(x), for all g ∈ G , x ∈ X . Now ϕ′(g), ϕ(g) : Yˆ → Yˆ are both liftings of the same map g : Y → Y , and they agree
at fˆ ′(x), for all x ∈ X . Then ϕ′(g) = ϕ(g), for each g ∈ G , i.e., ϕ′ = ϕ : G → ΓG(Yˆ ). Therefore, in this case, the G-action ·
coincides with the G-action ∗. 
With this setup we can prove the following equivariant analog of Theorem 2.1.
Theorem 3.9. Consider f : X → Y a G-map and a ∈ Y G = ∅. Let η : Yˆ → Y be a Hopf covering for f and fˆ : X → Yˆ a Hopf lifting
of f through η. Let { ft : X → Y } be a G-homotopy from f and { fˆt : X → Yˆ } a lifting of { ft} through η. Then:
(1) The roots x0 and x1 of f at a belong to the same G-root class if, and only if fˆ (x0) = g · fˆ (x1), for some g ∈ G.
(2) A root x0 ∈ f −1(a) is { ft}G-related to a root x1 ∈ f1−1(a) if, and only if fˆ (x0) = g · fˆ1(x1), for some g ∈ G.
Proof. (1) (⇒) First, suppose x0 ∼G x1. We have two possibilities:
(i) If x0 = gx1, for some g ∈ G , then fˆ (x0) = fˆ (gx1) = ϕ(g) fˆ (x1) = g · fˆ (x1).
(ii) There exists a path c in X from x0 to gx1, for some g ∈ G such that f c ∼ a¯ rel{0,1}. Thus, from Theorem 2.1, fˆ (x0) =
fˆ (gx1) = g · fˆ (x1).
In both cases, fˆ (x0) and fˆ (x1) belong to the same orbit.
(⇐) Now suppose fˆ (x0) = g · fˆ (x1), for some g ∈ G . Hence, fˆ (x0) = ϕ(g) fˆ (x1) = fˆ (gx1). From, Theorem 2.1, the roots
x0 and gx1 belong to the same root class of f , and then x0 and gx1 are in the same G-root class.
(2) (⇒) Let x0{ ft}Gx1. Then there exists a path c in X from x0 to gx1, for some g ∈ G such that { ft ◦ c(t)} ∼ a¯ rel{0,1}.
Thus x0{ ft}gx1, and from Theorem 2.1 we have fˆ (x0) = fˆ ′(gx1) = ϕ′(g) fˆ (x1) = g · fˆ ′(x1).
(⇐) If fˆ (x0) = g · fˆ ′(x1), for some g ∈ G , then fˆ (x0) = fˆ ′(gx1). Therefore, according to Theorem 2.1, x0{ ft}gx1, which
implies x0{ ft}Gx1. 
Therefore G-Nielsen root classes are the non-empty sets of the form fˆ −1(G( yˆ)) where yˆ ∈ η−1(a).
Corollary 3.10. With the same hypotheses as in Theorem 3.9, let x0 ∈ f −1(a) and let R be a G-root class containing x0 . Then the
cardinality of the orbit G( fˆ (x0)) on Yˆ is exactly the number of root classes of R.
Proof. It follows immediately from Theorems 2.1 and 3.9. 
We now deﬁne the G-Reidemeister root number, RG( f ;a), using the Hopf covering as the main tool. We will compute,
by means of examples, the numbers R( f ;a) and RG( f ;a) and we will prove that RG( f ;a) is an upper bound for NG( f ;a).
Consider the restriction of the G-action on Yˆ given by ϕ on the set η−1(a). Since η is equivariant and a ∈ Y G = ∅, then
η−1(a) becomes a G-set. According to Theorem 3.9, the set of G-Nielsen root classes is in one-to-one correspondence with a
subset of G-orbits G( yˆ), where yˆ ∈ η−1(a). Then the number of these G-orbits is therefore an upper bound on the number
of essential G-Nielsen root classes of f at a.
Deﬁnition 3.11. The G-orbits on η−1(a) are called G-Reidemeister root classes and the number of these G-orbits G( yˆ), yˆ ∈
η−1(a), will be called G-Reidemeister root number of f and denoted by RG( f ;a).
Proposition 3.12. The number RG( f ;a) does not depend on the choice of the Hopf covering η for f .
Proof. In order to prove this assertion, let η˜ : Y˜ → Y be another covering map corresponding to the subgroup f#π1(X, x0) ⊆
π1(Y ,a), where x0 ∈ f −1(a). Consider f˜ : X → Y˜ a lifting of f through η˜. Then η˜#π1(Y˜ , f˜ (x0)) = f#π1(X, x0) =
η#π1(Yˆ , fˆ (x0)) and therefore, there is a homeomorphism ψ : Yˆ → Y˜ such that η˜ψ = η and ψ( fˆ (x0)) = f˜ (x0).
1844 H.A. dos Santos, P. Wong / Topology and its Applications 157 (2010) 1839–1848Recall that the map η induces a group homomorphism ϕ¯ : G → ΓG(Y˜ ) such that for each g ∈ G , there is a unique lift
ϕ¯(g) of g , i.e., η˜ϕ¯(g) = gη˜ such that ϕ¯(g)ψ = ψϕ(g) as lifting of gη = ηϕ(g) through η˜. Therefore, Y˜ becomes a G-space
with the action g ◦ y˜ := ϕ¯(g)( y˜), for all y˜ ∈ Y˜ , g ∈ G . Thus the maps ψ : Yˆ → Y˜ and η˜ : Y˜ → Y become G-equivariant, by
Lemma 3.7.
Y g

η˜
Y
η˜
Y˜

ϕ¯(g) Y˜

Yˆ 
ϕ(g)

η
1Yˆ
Yˆ

η
1Yˆ
Yˆ

ϕ(g)

ψ
Yˆ


ψ
(3.3)
However, the map f : X → Y also induces a group homomorphism ϕ˜ : G → ΓG(Y˜ ) such that for each g ∈ G , there is a
unique lift ϕ˜(g) of g through η˜, i.e., η˜ϕ˜(g) = gη˜ such that ϕ˜(g) f˜ = f˜ g as lifting of g f = f g . Therefore, we can deﬁne
another G-action on Y˜ , which will be denoted by g ∗ y˜ := ϕ˜(g)( y˜). Then f˜ : X → Y˜ and η˜ : Y˜ → Y become G-maps.
Y
g 
η˜
Y
η˜
Y˜

ϕ˜(g) Y˜

X 
g

f
1X
X

f
1X
X

g

f˜
X


f˜
(3.4)
We must prove that the number of G-orbits on η−1(a) with the G-action given by ϕ is the same as the number of
G-orbits on η˜−1(a) with the G-action given by ϕ˜ . Note that both homomorphisms ϕ and ϕ˜ are induced by f .
Since ψ : Yˆ → Y˜ is a homeomorphism and η˜ψ = η, it means that for each y ∈ Y , ψ induces a bijection of η−1(y) onto
the ﬁber η˜−1(y); hence the sets η−1(y) and η˜−1(y) have the same cardinality. Moreover, since ψ is equivariant, given an
arbitrary yˆ ∈ η−1(y), there exists a one-to-one correspondence between the orbits G( yˆ) = {g · yˆ | g ∈ G} = {ϕ(g)( yˆ) | g ∈ G}
and G(ψ( yˆ)) = {g ◦ψ( yˆ) | g ∈ G} = {ϕ¯(g)ψ( yˆ) | g ∈ G} = {ψϕ(g)( yˆ) | g ∈ G}. Therefore, the number of orbits on η−1(a) with
the action · given by ϕ , is the same that the number of orbits on η˜−1(a) with the action ◦ given by ϕ˜ .
Now notice that ϕ¯(g) f˜ = ϕ¯(g)ψ fˆ = ψϕ(g) fˆ = ψ fˆ g = f˜ g = ϕ˜(g) f˜ . By the unique lifting property of covering spaces,
we have ϕ¯(g) = ϕ˜(g) : Y˜ → Y˜ , since both of them are liftings of the same map g : Y → Y , and they agree at f˜ (x), for all
x ∈ X . Therefore, the G-action ◦ coincides with ∗ and hence the G-Reidemeister root number RG( f ;a) is well-deﬁned. 
We summarize our discussion above in the following
Theorem 3.13. Let f : X → Y be a G-map and a ∈ Y G = ∅. Consider a Hopf covering η : Yˆ → Y for f and let fˆ : X → Yˆ be a Hopf
lifting of f through η. Then
(1) f has at most RG( f ;a) G-root classes.
(2) NG( f ;a) RG( f ;a).
(3) RG( f ;a) R( f ;a).
(4) If G is ﬁnite and R( f ;a) = ∞, then RG( f ;a) = ∞.
Proof. (1)–(3) are straightforward. For (4), note that each G-orbit is ﬁnite since G is ﬁnite and each G-Reidemeister class
consists of disjoint union of ordinary Reidemeister classes. 
Remark 3.3. When G = {e}, RG( f ;a) reduces to the ordinary Reidemeister number R( f ;a).
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consider the antipodal Z2-action on S2 and the trivial Z2-action on RP2. Since S2 is simply connected, then the covering
map corresponding to the subgroup f#π1(S2) of π1(RP2) is the universal covering map, that is the map f . Therefore,
R( f ;a) = 2 for any a ∈ RP2.
Now, to calculate RZ2 ( f ;a) we shall deﬁne the homomorphism ϕ : Z2 → ΓZ2 (S2), which induces the Z2-action on the
covering space S2. The homomorphism ϕ is injective and
ΓZ2
(
S2
)= {gˆ ∈ Homeo(S2) ∣∣ f gˆ = g f for some g ∈ Z2
}
.
Moreover, ΓZ2 (S
2) ∼= D( f )  Z2 ∼= Z2  Z2 ∼= (Z2)2.
Remember that for any g ∈ Z2, ϕ(g) is the unique lift of g such that fˆ g = ϕ(g) fˆ as lifting of f g = g f , where fˆ denotes
a lifting of f . Hence, either fˆ is the identity map id : S2 → S2 or the antipodal map A : S2 → S2. Foremost, consider id as
lifting of f . Then ϕ(g) = g , i.e., ϕ(1)(x) = x and ϕ(−1)(x) = −x, for any x ∈ S2. Now, let A be the lifting of f . Thus we
obtain ϕ(g)A = Ag , which means that ϕ(1)(−x) = −x and ϕ(−1)(−x) = x, for any x ∈ S2. Since ϕ is injective, it follows
that the Z2-action on the covering space S2 is also the antipodal action. Therefore RZ2 ( f ;a) = 1.
In Example 3.14, it is important to note that although we always have at least one point in Y G = ∅, the G-action on the
covering space Yˆ given by lifts of the homeomorphism induced by the G-action on Y can be free.
4. A Wecken type theorem for G-maps
In this section, we ﬁrst prove a Wecken type theorem when the G-action on Yˆ is free and when it is semi-free. Then we
prove the general case. Throughout, the group G is assumed to be ﬁnite and that the G-actions on X , Y and Yˆ are locally
smooth (see [1] for details). For any subgroup H in G , the Weyl group is WH := NH/H where NH is the normalizer of H
in G .
Theorem 4.1. Let G be a ﬁnite group and let f : X → Y be a G-map between two path connected G-spaces. Suppose that X is compact,
Y is a topological G-manifold and a ∈ Y G = ∅. Suppose also that G acts freely on the Hopf covering space Yˆ of Y and dim Yˆ = n 3.
If NG( f ;a) = 0, then there exists a root free G-map k : X → Y that is G-homotopic to f .
Proof. Suppose f −1(a) is non-empty; otherwise there is nothing to prove. Since NG( f ;a) = 0, all the G-root classes are
inessential. Consider an inessential G-root class R of f at a. Then f is G-homotopic to a G-map f ′ such that R is not
related to any roots of f ′ . Let aˆ ∈ η−1(a). It follows that there exists a lift fˆ ′ : X → Yˆ of f ′ through η such that aˆ /∈ fˆ ′(X).
Hence G(aˆ) ∩ fˆ ′(X) = ∅.
Since fˆ ′(X) is compact, there are only a ﬁnite number of points yˆ1, . . . , yˆm that lie inside η−1(a) ∩ fˆ ′(X). Using the
equivariance of η and fˆ ′ , it is easy to see that g · yˆ j ∈ η−1(a) ∩ fˆ ′(X), for any g ∈ G and j = 1, . . . ,m.
Consider the disjoint G-orbits containing the points g · yˆ j , for all g ∈ G and for all j = 1, . . . ,m. Choose representatives
of each orbit and denote such orbits by G(z1), . . . ,G(zl), where zi , i = 1, . . . , l, is the representative chosen. Notice that,
since G is a ﬁnite group acting freely on Yˆ , #G( yˆ) = |G|, for any yˆ ∈ Yˆ . Furthermore, the orbit map p : Yˆ → Yˆ /G is also a
covering map.
Let c : I → Yˆ /G be a simple path in the orbit space Yˆ /G from p(aˆ) to p(zl) containing the points p(z1), . . . , p(zl−1).
Then there is a lift cˆ : I → Yˆ of c through p, that is pcˆ = c, starting at aˆ. Moreover, cˆ is a simple path in Yˆ intersecting only
once each one of the orbits G(aˆ),G(z1), . . . ,G(zl−1),G(zl) with cˆ(1) = g · zl , for some g ∈ G and such that cˆ(I)∩ g · cˆ(I) = ∅,
for all g = e where e is the identity element of G .
Let Vc be a closed neighborhood of c homeomorphic to the closed n-ball so that p−1(Vc) = {g · Vcˆ | g ∈ G}, where Vcˆ is
the corresponding contractible closed neighborhood of cˆ. Thus, p−1(Vc) consists of disjoint translates of Vcˆ by G . Moreover,
g · Vcˆ is a closed neighborhood of gcˆ, for each g ∈ G . Now, we use g · aˆ as the center of each ball g · Vcˆ .
Consider r : Vcˆ − {aˆ} → ∂Vcˆ the radial projection. Then Vcˆ − {aˆ} is a strong deformation retract to its boundary ∂Vcˆ .
For each g ∈ G , deﬁne rg : g · Vcˆ − {g · aˆ} → ∂(g · Vcˆ) by rg(wˆ) = g · (r(g−1 · wˆ)). Observe that re = r. Finally, deﬁne the
G-retraction
r¯ :
⋃
g∈G
g · Vcˆ − G(aˆ) →
⋃
g∈G
∂(g · Vcˆ)
by r¯( yˆ) = rg( yˆ) for yˆ ∈ g · Vcˆ . Then
⋃
g∈G g · Vcˆ − G(aˆ) is a strong deformation G-retract to its boundary
⋃
g∈G ∂(g · Vcˆ).
Let ζ : Yˆ − G(aˆ) → Yˆ be a G-map given by ζ( yˆ) = r¯( yˆ) if yˆ ∈⋃g∈G g · Vcˆ − G(aˆ) and ζ( yˆ) = yˆ otherwise. Since G(aˆ) ∩
fˆ ′(X) = ∅, we can compose fˆ ′ with ζ such that ζ fˆ ′(X) ∩ η−1(a) = ∅. Therefore the G-map ηζ fˆ ′ has no roots at a and is
G-homotopic to f ′ , which in turn is G-homotopic to f . 
Next, we study the case where the G-action on Yˆ is semi-free.
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X is compact, Y is a topological G-manifold, G acts semi-freely on Yˆ where η : Yˆ → Y is a Hopf covering of Y such that Yˆ and Yˆ G
are path connected, dim Yˆ G = n  3 and the codimension of Yˆ G in Yˆ is at least 2. In addition, we assume that η−1(a) ∩ Yˆ G = ∅. If
NG( f ;a) = 0, then there exists a root free G-map which is G-homotopic to f .
Proof. Since the G-action on Yˆ is semi-free, then Yˆ = Yˆ G ∪ Yˆe . Suppose f −1(a) is non-empty. Let fˆ : X → Yˆ be a Hopf
lifting of f through η. We have two cases.
Case I. fˆ (X)∩ Yˆ G = ∅. Since the set fˆ (X) = ∅ is closed in the connected space Yˆ , then there exists a point bˆ ∈ Yˆe such that
bˆ /∈ fˆ (X). Therefore, by the proof of Theorem 4.1, we obtain the desired root free G-map.
Case II. fˆ (X)∩ Yˆ G = ∅. Since NG( f ;a) = 0, all the G-root classes are inessential. Consider an inessential G-root class R of f
at a. Then f is G-homotopic to a G-map f ′ such that R is not related to any roots of f ′ . Let aˆ be a point at Yˆ such that
aˆ ∈ Yˆ G ∩ η−1(a). There exists a lifting fˆ ′ : X → Yˆ of f ′ through η such that aˆ /∈ fˆ ′(X).
Since fˆ ′(X) is compact, there are only a ﬁnite number of points yˆ1, . . . , yˆm that lie inside η−1(a) ∩ fˆ ′(X). Then g · yˆ j ∈
η−1(a) ∩ fˆ ′(X), for all g ∈ G and j = 1, . . . ,m. Consider the G-orbits containing the points g · yˆ j , for all g ∈ G and for
all j = 1, . . . ,m. Choose representatives of each orbit and denote such orbits by G(z1), . . . ,G(zl), where zi , i = 1, . . . , l, is
the representative chosen. Since G acts semi-freely on Yˆ , the points at η−1(a) ∩ fˆ ′(X) are partitioned in two disjoint sets,
namely, those that belong to the ﬁxed point set Yˆ G and those that belong to the free part Yˆ − Yˆ G = Yˆe .
Let {z1, z2, . . . , zs} = fˆ ′(X) ∩ η−1(a) ∩ Yˆ G , for some s such that 1 s l. Since Yˆ G is a closed submanifold of Yˆ , we can
ﬁnd a closed neighborhood D ⊂ Yˆ G homeomorphic to the closed n-ball such that aˆ, z1, z2, . . . , zs ∈ D . Then we use aˆ as the
center of D and get the radial projection r : D −{aˆ} → ∂D . Thus, ∂D is a strong deformation retract of D −{aˆ}, that is, there
is a homotopy F : (D −{aˆ})× I → D such that F ( yˆ,0) = yˆ, F ( yˆ,1) = r( yˆ) for all yˆ ∈ D −{aˆ} and F (wˆ, t) = wˆ for all wˆ ∈ ∂D ,
t ∈ I . Now, consider F ′ : (Yˆ G − {aˆ}) × I → Yˆ G given by F ′( yˆ, t) = F ( yˆ, t) if yˆ ∈ D − {aˆ} and F ′( yˆ, t) = yˆ otherwise.
Note that Yˆ G is a G-ANR. Hence, there exist a G-neighborhood U of Yˆ G in Yˆ and a G-map F¯ : U × I → Yˆ such that
F¯ |(Yˆ G × I) = F ′ . Consider the invariant disjoint closed subsets Yˆ − U and Yˆ G of the normal G-space Yˆ . Then there exist a
G-map ψ : Yˆ → I such that ψ(Yˆ − U ) = 0 and ψ(Yˆ G) = 1.
Since Yˆ is metrizable, we can deﬁne the G-map ¯¯F : Yˆ × I → Yˆ by ¯¯F ( yˆ, t) = ψ( yˆ) F¯ ( yˆ, t) + (1 − ψ( yˆ)) yˆ. Thus, ¯¯F ( yˆ, t) =
F¯ ( yˆ, t), for all yˆ ∈ Yˆ G and ¯¯F ( yˆ, t) = yˆ, for yˆ ∈ Yˆ − U . Therefore, ¯¯F |U = F¯ and ¯¯F |Yˆ G = F ′ . Denote ¯¯F ( yˆ,1) by ¯¯F 1( yˆ), for all
yˆ ∈ Yˆ and let ξ = ¯¯F 1 fˆ ′ . Then, ξ(X) ∩ η−1(a) ⊂ Yˆe .
Let ξ(X) ∩ η−1(a) = {G(zs+1), . . . ,G(zl)} ⊂ Yˆe . Let k ∈ {s + 1, . . . , l} and c : I → Yˆ /G be a simple path in the orbit space
Yˆ /G from p(aˆ) to p(zk). Then there exists a lifting cˆ : I → Yˆ of c through p : Yˆ → Yˆ /G , i.e., pcˆ = c, such that cˆ(0) = aˆ and
cˆ(1) = g′ · zk , for some g′ ∈ G . Since the codimension of Yˆ G in Yˆ is at least 2, the path c may be taken as a simple path
and we may assume that c intersects Yˆ G at only one point, namely aˆ. Moreover, we may assume that c avoids all the other
points of G(zs+1), . . . ,G(zl), except g′ · zk .
Therefore, the simple path gcˆ starts at aˆ and ﬁnishes at one point in the orbit G(zk). Moreover, gcˆ(I) ∩ cˆ(I) = aˆ, for any
g ∈ G , g = e. Since Yˆe is a normal space and the paths gcˆ(I) − aˆ are closed in Yˆe , they can be separated by disjoint open
neighborhoods. For each g ∈ G , denote by V ′
gcˆ
such neighborhood of gcˆ(I) − gaˆ. Let Vcˆ be a closed ball neighborhood of cˆ
in Yˆ such that Vcˆ − {aˆ} lies in the interior of V ′cˆ . Thus, aˆ ∈ ∂Vcˆ , cˆ(1) = g′ · zk lies in the interior of Vcˆ , Vcˆ ∩ Yˆ G = aˆ (that is
Vcˆ − {aˆ} ⊂ Yˆe) and Vcˆ ∩ gcˆ(I) = aˆ, for all g = e in G . Then, p−1(p(Vcˆ)) =
⋃
g∈G g · Vcˆ and
⋂
g∈G g · Vcˆ = {aˆ}.
Consider the radial projection ρ : Vcˆ − {aˆ} → Vcˆ , where all rays start at aˆ. Then ρ(g′ · zk) ∈ ∂Vcˆ . Thus, for each g ∈ G ,
deﬁne ρg : g · Vcˆ − {aˆ} → g · Vcˆ by ρg( yˆ) = g · (ρ(g−1 · yˆ)). Let us deﬁne
ρ¯ :
⋃
g∈G
g · Vcˆ − {aˆ} −→
⋃
g∈G
g · Vcˆ
the G-map given by ρ¯( yˆ) = ρg( yˆ) for any yˆ ∈ g · Vcˆ . Finally we deﬁne the G-map ζ : Yˆ − {aˆ} → Yˆ by ζ( yˆ) = ρ¯( yˆ) if
yˆ ∈⋃g∈G g · Vcˆ − {aˆ} and ζ( yˆ) = yˆ otherwise. Therefore ζ fˆ ′(X) ∩ η−1(a) = {G(zs+1), . . . ,G(zk−1),G(zk+1), . . . ,G(zl)} ⊂ Yˆe ,
where s + 1 k l. Repeating this process a ﬁnite number of times to eliminate the remaining G-orbits (that contribute to
the roots), we obtain a G-map σ : Yˆ − {aˆ} → Yˆ such that ησ fˆ ′ : X → Y is a root free G-map G-homotopic to f . 
In order to prove the general situation, we proceed by induction on the number of orbit types. To pass from one stratum
to the next stratum, one encounters an open subspace of a single orbit type. Thus, we need the following generalization of
the free case Theorem 4.1.
Theorem 4.3. Let G be a ﬁnite group and let f : X → Y be a G-map between two path connected G-spaces. Suppose that X is compact,
Y is a topological G-manifold and a ∈ Y G = ∅. Suppose also that G acts on the Hopf covering space Yˆ of Y with only one orbit type (H),
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which is G-homotopic to f .
Proof. Since G acts on Yˆ with only one orbit type (H), it follows that Yˆ H = Yˆ H = {z ∈ Yˆ | Gz = H}. Moreover, each G-orbit
in Yˆ contains an H ﬁxed point. Hence for each yˆ ∈ Yˆ there exists g ∈ G such that Gg· yˆ = H , where Gg· yˆ denotes the isotropy
group of the element g · yˆ. Note also that WH acts freely on Yˆ H , where the WH-action is induced by the G-action on Yˆ ,
that is, nH ∗ yˆ = n · yˆ := ϕ(n)( yˆ), for all n ∈ NH ⊂ G and all yˆ ∈ Yˆ H .
Suppose f −1(a) is non-empty; otherwise there is nothing to prove. Since NG( f ;a) = 0, then all the G-root classes are
inessential. Consider an inessential G-root class R of f at a. Then f is G-homotopic to a G-map f ′ such that R is not
related to any roots of f ′ . Let aˆ ∈ η−1(a). It follows that there exists a lifting fˆ ′ : X → Yˆ of f ′ such that η fˆ ′ = f ′ and
G(aˆ)∩ fˆ ′(X) = ∅. Without loss of generality, we may suppose Gaˆ = H . Therefore, by Theorem 4.1, for each nH ∈WH, we get
a retraction rnH : nH ∗ Vcˆ − {nH ∗ aˆ} → ∂(nH ∗ Vcˆ) given by rnH (wˆ) = nH ∗ (r(n−1H ∗ wˆ)) = n · (r(n−1 · wˆ)), where n ∈ NH
and r : Vcˆ − {aˆ} → ∂Vcˆ is the radial projection. The closed neighborhood Vcˆ , which is homeomorphic to the closed n-ball
was obtained as in the proof of the previous theorem.
Then we have the WH-map
r¯ :
⋃
nH∈WH
nH ∗ Vcˆ −WH(aˆ) →
⋃
nH∈WH
∂(nH ∗ Vcˆ)
given by r¯( yˆ) = rnH ( yˆ), for any yˆ ∈ nH ∗ Vcˆ . So,
⋃
nH∈WH nH ∗ Vcˆ −WH(aˆ) is a strong deformation WH-retract to its boundary⋃
nH∈WH ∂(nH ∗ Vcˆ). Then, consider the WH-homotopy F : (
⋃
nH∈WH nH ∗ Vcˆ −WH(aˆ))× I →
⋃
nH∈WH nH ∗ Vcˆ −WH(aˆ) such
that F ( yˆ,0) = yˆ, F ( yˆ,1) = r¯( yˆ) for any yˆ ∈⋃nH∈WH nH ∗ Vcˆ −WH(aˆ) and F (wˆ, t) = wˆ , for all wˆ ∈
⋃
nH∈WH ∂(nH ∗ Vcˆ) and
t ∈ I . Then F has an extension to a G-map F ′ : (⋃g∈G g ∗ Vcˆ −G(aˆ))× I →
⋃
g∈G g ∗ Vcˆ −G(aˆ), where F ′(g · yˆ, t) = g · F ( yˆ, t),
G yˆ = gHg−1, for all yˆ ∈ Yˆ H .
Let F¯ : Yˆ − G(aˆ) × I → Yˆ be the G-map given by F¯ ( yˆ, t) = F ′( yˆ, t) if yˆ ∈⋃g∈G g ∗ Vcˆ − G(aˆ) and F¯ ( yˆ, t) = yˆ otherwise.
Denote F¯ (wˆ,1) by F¯1(wˆ), for any wˆ ∈ Yˆ − G(aˆ). Since G(aˆ) ∩ fˆ ′(X) = ∅, we can compose the G-maps fˆ ′ and F¯1 and get
F¯1 fˆ ′(X) ∩ η−1(a) = ∅. Therefore the G-map η F ′1 fˆ ′ is G-homotopic to f and it has no roots at a. 
Remark 4.1. It is straightforward to adapt the proof of Theorem 4.3 to the proof of Theorem 4.2 so that we can generalize
Theorem 4.2 to the situation where Yˆ has two isotropy types, namely (H) and G (instead of {e} and G as in the semi-free
case).
We now turn to the general case. Since G is ﬁnite, we have a ﬁnite number of conjugacy classes of subgroups of G and
hence a ﬁnite number of isotropy types. Consider the usual partial ordering on the isotropy types given by sub-conjugation
and choose an admissible ordering such that (Hi)  (H j) ⇒ i  j. This gives rise to a ﬁltration of G-subspaces Yˆ1 ⊂ Yˆ2 ⊂
· · · ⊂ Yˆk = Yˆ where Yˆ j = {z ∈ Yˆ | (Gz) (Hi) for some i  j}.
Theorem 4.4. Let G be a ﬁnite group, f : X → Y be a G-map between two path connected G-spaces and a ∈ Y G = ∅. Suppose that X
is compact, Y is a topological G-manifold, η : Yˆ → Y is a Hopf covering of Y such that Yˆ and Yˆ H are path connected for every isotropy
subgroup H  G, and dim Yˆ G = n 3. Given an admissible ordering of isotropy types {(Hi)}, we assume that dim Yˆ Hi −dim Yˆ H j  2
if i  j. Suppose η−1(a) ∩ Yˆ G = ∅. If NG( f ;a) = 0, then there exists a root free G-map which is G-homotopic to f .
Proof. Consider a ﬁltration Yˆ1 ⊂ Yˆ2 ⊂ · · · ⊂ Yˆk = Yˆ . From the proof of Theorem 4.2, there exist a point aˆ ∈ Yˆ G ∩ η−1(a)
and a G-map f ′ G-homotopic to f with a Hopf lifting fˆ ′ such that aˆ /∈ fˆ ′(X). Partition the ﬁnite set fˆ ′(X) ∩ η−1(a) into a
disjoint union of subsets of ﬁnite points of isotropy type (H j). As already remarked in 4.1, we can adapt, for each (H j), the
proof of Theorem 4.3 to Case II of the proof of Theorem 4.2 to obtain simple paths from fˆ ′(X)∩ (Yˆ j − Yˆ j+1) = fˆ ′(X)∩ Yˆ(H j)
to the point aˆ. By the codimension hypotheses, these paths do not intersect except at the endpoint aˆ ∈ Yˆ G . Again, we can
ﬁnd contractible neighborhoods of these paths which then allow us to deﬁne an equivariant strong deformation retract as
in the proof of Theorem 4.2. Hence, we arrive at a root free map G-homotopic to f . 
Theorem 4.4 asserts that if one G-Nielsen root class is inessential then all other classes are also inessential. Thus, we
have the following
Corollary 4.5. Given the same setting as in Theorem 4.4, either NG( f ;a) = 0 in which case f is G-deformable to be root free or
NG( f ;a) = RG( f ;a).
Remark 4.2. In Theorems 4.2 and 4.4, the codimension hypothesis can be satisﬁed in a variety of situations. In our setting,
since Yˆ is connected, so is Yˆ /G . It follows from [9, Theorem 5.14] or [1, Prop. 3.7 on p. 183] that any singular orbit has
1848 H.A. dos Santos, P. Wong / Topology and its Applications 157 (2010) 1839–1848codimension at least 2 in Yˆ . More generally, if H is an isotropy subgroup then Yˆ H is an WH-space. Conditions on the Weyl
group WH can be made so that the singular set has at least codimension 2 in Yˆ H . (See also [5].)
Remark 4.3. In the sequel, we will further study the situation where G is a compact Lie group. We will also search for more
computable (co)homological conditions that are suﬃcient to guarantee that NG( f ;a) = 0 and that f is G-deformable to be
root free.
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